This work presents an axially symmetric mathematical model of an I-cored coil placed over a two-layered conductive material with a cylindrical surface hole. The problem was divided into regions for which the magnetic vector potential of a filamentary coil was established applying the truncated region eigenfunction expansion method. Then the final formula was developed to calculate impedance changes for a cylindrical coil with reference to both the air and to a material with no hole. The influence of a surface flaw in the conductive material on the components of coil impedance was examined. Calculations were made in Matlab for a hole with various radii and the results thereof were verified with the finite element method in COMSOL Multiphysics package. Very good consistency was achieved in all cases.
INTRODUCTION
Eddy current testing is used in many industries to detect defects in conductive materials. In view of a minor penetration depth of eddy currents to the workpiece, the highest effectiveness is achieved for shallow flaws existing in non-ferromagnetic materials. Such flaws may occur both during the production process and because of material cracking or corrosion.
The solution to the problem of an air-cored coil located over the conductive material with a flaw was achieved for the hole in a plate [1] , surface hole in a half-space [2] - [3] , slot in a plate [4] , and a plate with two flaws [5] . These studies were performed using the truncated region eigenfunction expansion (TREE) method, which was also applied for derivation of mathematical models of a planar spiral coil [6] , an I-cored coil [7] - [8] , a pot core coil [9] , and a grating eddy current displacement sensor (GECDS) [10] . The examinations are usually conducted for coils wound around a core since such models feature a much higher sensitivity. The instruments used by the authors included also probes designed as I-cored coils with an air gap situated along the core axis ( Fig.1.) , which is described in [11] . This paper presents a mathematical model of such an I-cored coil placed over a two-layered conductive material with a cylindrical surface hole.
The rectangular cross-section coil is shown in Fig.2 . The solution domain was limited to the value of parameter b, while maintaining the continuity of a magnetic vector potential. At the same time, satisfying the boundary condition, Aϕ (r, z) = 0 for r = 0 and r = b was ensured. During the analysis a filamentary coil was used, for which expressions that describe the magnetic vector potential were derived. Closed-form expressions for the change of I-cored coil impedance were obtained both in relation to the air as well as to the material with no hole. The results achieved using the TREE method were verified with the finite element method (FEM), which showed a very good agreement. Fig.1 . I-cored coil with a circular air gap inside the core column located above a conductive material with a surface hole.
SOLUTION
At first, the analysis included a filamentary coil with a core located over a two-layer conductive material with a hole, which is presented in Fig.3 . The axially symmetric system was divided into 6 regions. For each region, a magnetic vector potential was obtained, which was written using the matrix notation. 
, , , , , (10) and (11) . Such values are not present in region 5 that has a hole, so they are calculated in the same way as in the case of an I-cored coil located over the material without a hole [9] .
where
Region 5 of the analyzed problem consists of two subregions: air space (0 ≥ r ≥ g) and a conductive material (g ≥ r ≥ b). The magnetic vector potential for those subregions may be expressed in a general form as: 1 1 ( ) ( ) 0
Equation (21) was obtained using the interface condition (1/r)[∂(rA)/∂r] = 0 in the radial direction for r = g [7] .
Calculation of ui and vi eigenvalues is reduced to finding complex roots of the equation (21). Using numerical procedures, such as FindRoot() in Mathematica or fzero() in Matlab, requires providing initial values around which the roots are located. Such initial values may be taken as ui values obtained upon the assumption that region 5 consists only of a conductive material or only of air. In the first case, when g = 0, we obtain ui = s5i, and in the second case g = b and, in consequence, ui = qi [7] . Unfortunately, this method may lead to omission of some roots. Higher effectiveness is achieved with the Newton-Raphson technique. However, in some cases even applying a very low increase in the argument does not ensure finding all the roots. The solution to this problem may be found by using more complex algorithms [10] - [11] which, upon appropriate selection of parameters, allow to properly derive all ui, vi values.
The unknown coefficients Ci, Bi occurring in (1)-(7) were calculated using, for mutually neighboring regions of the problem, the following continuity conditions Br and Hz. 
The magnetic vector potential for each region of the problem with the coil presented in Fig.2 . may be calculated using the equation: 
After integrating the magnetic vector potential of region 2-3 over the coil's cross section, an expression for the impedance of an I-cored coil placed over the two-layered conductive plate with a surface hole was obtained. The impedance of the coil Z0 = R0 + jX0 located in the space with no conductive material was calculated after substituting σ5 = σ6 = 0 in (30). Then, by subtracting the Z0 value obtained in this way from (30), the change of the coil impedance ΔZ was obtained. It was caused by placing the coil over the conductive material with a hole.
For applications related to flaw detection (defectoscopy), the change of impedance calculated in relation to the workpiece with no hole proves to be highly significant. The value ∆Zh = ∆Rh + j∆Xh obtained in this manner presents the situation where the impedance of the coil placed over the surface of the workpiece has been changed due to the occurrence of a hole.
The impedance of the I-cored coil located over the conductive plate with no hole was calculated by substituting g = 0 in (30). In such a case v = q, K = E, V = E/µ5 and coefficients C57, B57 were reduced to the following form: 
RESULTS AND DISCUSSION
The parameters of the coil and the conductive material used in calculations are presented in Table 1 . The inductance L0 was respectively equal to: 3.39 mH for the Icored coil and 1.89 mH for the air-cored coil. The coil impedance was calculated from (41) while assuming the number of summation terms Ns = 50 and the domain radius b = 12 r2, which corresponds to the value of 54 mm. For the inversion of matrices as well as calculating additional discrete eigenvalues mi, inv() and fzero() functions available in Matlab were used. The complex values ui were computed using the approach based on Cauchy's theorem, which is described in detail in [12] . Pursuant to this method the solution domain was divided into rectangles so that each one of them contained not more than one root. Such an approach made it possible to avoid omission of some ui values. The results obtained from Matlab calculations were then verified by means of the finite elements method in COMSOL Multiphysics package. The mesh applied for computations was made up of about 31000 triangular elements and 800 edge elements. The highest density of mesh elements was used around the hole edge and under the coil winding. The calculations for changes ∆Z and ∆Zh of coil impedance were performed for the range of frequencies from 100 Hz to 100 kHz. All results have been normalized in relation to the reactance X0 and are presented in Fig.4 . and Fig.5 . The values for changes of the coil impedance components calculated with use of the proposed mathematical model were only different from the results obtained with COMSOL Multiphysics. In the case of resistance changes, such a difference did not exceed 1.21 %, and for changes of reactance, it was not higher than 0.62 %. Fig.6 . presents the coil resistance changes normalized in relation to reactance X0 after placing the coil over the conductive material with radius varying from g = 0 to g = 10 mm. Further increase of the radius g led to only insignificant variation of the coil resistance since the highest density of eddy currents occurred in such a part of the conductive material which is located under the winding. The occurrence of the flaw has a far higher influence on resistance than on reactance. For example, when the frequency was f = 1 kHz and a surface hole with the radius of g = 10 mm was made in the workpiece, the coil reactance changed only by 2 % but its resistance was amended by as much as 184 %. 
CONCLUSION
The axially symmetric mathematical model proposed herein makes it possible to calculate the impedance of an Icored coil placed over a two-layered conductive plate with a cylindrical surface hole. The final formulas obtained with the use of the TREE method can be implemented in any mathematical software, such as Mathematica or Matlab. Calculations can be made for any size of a hole, even while changing its radius (g) and depth (l2-l1). Values of the coil impedance components obtained with the use of proposed solution were verified with the application of the finite elements method. The difference obtained did not exceed 1.21 % for resistance and 0.62 % for reactance within the range of frequency from 100 Hz to 100 kHz. The performed verification of results proved that the mathematical model presented in this work can be used as a substitute for numerical solutions that utilize the finite elements method.
